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Abstract. An overview is given on different notions of data depth and central regions which are useful in multivariate 
modeling. They include depth functions that are based on distances like the Lp -depths and the Mahalanobis depths, 
weighted mean depths like the zonoid depth, and combinatorial  depths like the location and the simplicial depths.  
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1 Introduction  
 

In [19] a multivariate median was proposed which is the ‘deepest’ point in a given data cloud in d
 . It is the celebrated 

Tukey median. Later [5], in measuring the ‘centrality’ of an arbitrary  point z with respect to the data, considered hyper- 
planes through  z and determined  its depth by the smallest portion of data that is separated by such a hyperplane.   The 
Tukey median is a most  central (= deepest) point in this sense. Since then, these ideas have proved extremely fruitful. A 
rich statistical methodology has developed that is based on data depth and, more general, nonparametric depth statistics. 
General notions of data depth have  been introduced as well as many special ones. These notions vary regarding their 
computability and robustness and their sensitivity to reflect asymmetric shapes of the data. According to their differ- ent 
properties they fit to particular applications.  The upper level sets of a depth statistic provide a family of set-valued 
statistics, named depth-trimmed  or central regions. They describe the distribution regarding its location, scale and 
shape. The most central region serves as a median. The notion of depth has been extended from data clouds, that is 
empirical distributions, to general probability distributions on d

 , thus allowing for laws of large numbers and 
consistency results.  

The depth of a data point is reversely related to its outlyingness, and the central (= depth-trimmed) regions can be 
seen as multivariate set-valued quantiles.  To illustrate the notions we consider bivariate data from the EU-27 countries 
regarding unemployment rate and general government debt in percent of the GDP; see Figures 1 and 2. We are 
interested which countries belong to a central, rather homogeneous group and which have to be regarded as, in some 
sense, outlying.  

Recent reviews on data depth are given in [3] and [17]. [11] collects theoretical  as well as applied  work. More on 
the theory of depth functions and many details are found in [21] and the monograph by [14]. The notions have also been 
extended from d-variate data to data in functional spaces ([13, 16].  

 
2 Multivariate depth functions  

 
We  consider a d-variate data cloud 1,..., nx x , that is an empirical distribution F  in d

  .  A convex depth function  is a 
function : ( , ) ( | ), dD z F D z F z∈ 

, that satisfies the following restrictions D1  to D5. We also write 1( | ,..., )nD z x x  
in place of ( | )D z F . More general, F  may be seen as the distribution of a random vector X  ; then we write 

( | ) ( | )D z X D z F= . 

• D1 Translation invariant:  ( | ) ( | )D z b X b D z X+ + =  for all db∈ . 
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Figure 1. Governmental debt (x-axis) and unemployment rate (y-axis) of EU-27 countries
in 2011; Mahalanobis regions (moment, left; MCD, right), with α = 0.1(0.1), . . . ,0.9.

• D2 Linear invariant: D(Az|AX) = D(z|X) for every bijective linear transformation A : Rd → Rd .

• D3 Null at infinity: lim‖z‖→∞ D(z|X) = 0 .

• D4con: D(·|X) is a quasiconcave function, that is, its upper level sets Dα(X) are convex for all α > 0 ,

• D5 Upper semicontinuous: The upper level sets Dα(X) = {z ∈ Rd : D(z|X)≥ α} are closed for all α .

D1 and D2 state that a depth function is affine invariant. An immediate consequence of restriction D4 is the following:

Proposition 1 If X is centrally symmetric distributed about some z∗ ∈Rd (i.e., X− z∗ and z∗−X have the same distribu-
tion), then any depth function D(·|X) is maximal at z∗.

In certain settings the restriction D2 is weakened to

• D2iso: D(Az|AX) = D(z|X) for every isometric linear transformation A : Rd → Rd .

Then, in case E =Rd , D is called an orthogonal invariant depth in contrast to an affine invariant depth when D2 holds. In
the following, we consider three principal approaches to define a multivariate depth statistic. The three approaches have
different consequences on the depths’ ability to model asymmetries of the distribution, on their robustness to possible
outliers, and on their computability with higher-dimensional data. Figures 1 and 2 exhibit bivariate central regions for
several depths and equidistant α . Most of the multivariate depths considered are convex and affine invariant, some exhibit
spherical invariance only. Some are continuous in the point z or in the distribution P (regarding weak convergence), others
are not.

2.1 Depths based on distances

The outlyingness of a point, and hence its depth, can be measured by a distance from a properly chosen center of the
distribution. In the following notions this is done with different distances and centers.

The Lp-depth, DLp for p≥ 1, is based on the mean outlyingness of a point, as measured by the Lp distance,

DL2(z|x1, . . . ,xn) =

(
1+

1
n

n

∑
i=1
||z− xi||p

)−1

. (1)

Obviously, for p = 2, the L2-depth is maximum at the spatial median of X , i.e., at the point z ∈ Rd that minimizes
E||z−X ||2. If the distribution is centrally symmetric, the center is the spatial median, hence the maximum is attained at the
center. For a uniformly integrable and weakly convergent sequence of distributions Pn→ P it holds limn D(z|Pn) =D(z|P).
The L2-depth is invariant against rigid Euclidean motions (D1, D2iso), but not affine invariant.

The Mahalanobis depth is given by

DMah(z|x1, . . . ,xn) =
(

1+(z− µ̂)′Σ̂−1
x (z− µ̂)

)−1
, (2)
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Figure 2. Governmental debt and unemployment rate of EU-27 countries in 2011; zonoid
regions (left), ECH∗ regions (center), halfspace regions (right), with α = 0.1(0.1), . . . ,0.9.

where µ̂ and Σ̂X are consistent estimators of the mean vector and the covariance matrix. It is easily seen that the α-central
set of a sample from P converges almost surely to the α-central set of P, for any α . Figure 1 shows Mahalanobis regions
for the debt-unemployment data, employing alternative estimators, namely the usual moment estimates x and SX and
the robust MCD estimates. As it is seen from the Figure, these regions depend heavily on the choice of the estimator.
Mahalanobis depths fail in identifying the underlying distribution: As only the first two moments are used, any two
distributions which have the same first two moments cannot be distinguished by their Mahalanobis depth functions.

Other depth based on distances and volumes that have attractive properties are the projection depth ([21, 20]) and the
Oja depth ([21]).

2.2 Weighted mean depths

A large and flexible class of depth statistics corresponds to so called weighted-mean central regions, shortly WM regions
([8, 9]). These are convex compacts in Rd , whose support function is a weighted mean of order statistics, that is, an
L-statistic. A WM region is the convex hull of weighted means of the data. Consequently, outside the convex hull of
the data the WM depth vanishes. WM depths are useful statistical tools as their central regions have attractive analytical
and computational properties: Sample WM regions are continuous and consistent estimators for the WM region of the
underlying probability; for computation, see [7, 15, 1]. Depending on the choice of the weights different notions of data
depths are obtained. They include the zonoid depth ([10]), the expected convex hull (ECH∗) depth ([2]), the geometrical
depth, and others. For a detailed discussion of these and other WM depths and central regions, the reader is referred to
[8, 9].

2.3 Combinatorial depths

The third approach concerns no distances or volumes, but the combinatorics of halfspaces and simplices only. In this it is
independent of the metric structure of Rd . While depths that are based on distances or weighted means may be addressed
as metric depths, the following ones will be mentioned as combinatorial depths. They remain constant, as long as the
compartment structure of the data does not change. By this, they are very robust against location outliers. Outside the
convex support co(X) of the distribution every combinatorial depth attains its minimal value, which is zero.

Consider the population version of the location depth,

Dloc(z|X) =
1
n

min
H

#{xi : H closed halfspace,xi ∈ H,z ∈ H} . (3)

The depth is also known as halfspace or Tukey depth, its central regions as Tukey regions. The maximum value of the
location depth is smaller or equal to 1 depending on the distribution. The set of all such points is mentioned as the
halfspace median set and each of its elements as a Tukey median ([19]); see also [18] and [5].

The simplicial depth ([12]) involves simplices in Rd . The sample simplicial depth converges almost surely uniformly
in z to its population version ([12, 6]) and has positive breakdown ([4]). Simplicial regions are not convex, but only
starshaped.
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